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Abstract: Real black holes in the universe are located in the expanding accelerating background
which are called the cosmological black holes. Hence, it is necessary to model these black holes in
the cosmological background where the dark energy is the dominant energy. In this paper, we argue
that most of the dynamical cosmological black holes can be modeled by point mass cosmological
black holes. Considering the de Sitter background for the accelerating universe, we present the point
mass cosmological background in the cosmological de Sitter space time. Our work also includes the
point mass black holes which have charge and angular momentum. We study the mass, horizons,
redshift structure and geodesics properties for these black holes.
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I. INTRODUCTION
After Hubble discovery of the cosmic expansion, people needed to make black hole models which are
embedded in the expanding Friedmann-Lemaˆıtre-Robertson Walker background. The 1933 McVittie
solution [1] was the first attempt to model the point mass black hole in the cosmological background.
The question arises to whether the effects of the cosmological expansion on gravitating local systems,
such as the solar or galaxy system, accompanying the expansion of the universe. The McVittie black
hole is embedded in a general FLRW background, so that the region between the black hole horizon
and the cosmological horizon is evolving. Even though this model was comprehensively studied in
different aspects of black hole [2–4], the McVittie metric cannot describe a black hole evolving in an
FLRW universe. The collection of known exact solutions with respect to the point-mass modeling were
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2investigated in [5].
The main criticism for some these metrics is that they manufacture the geometry and attribute it to
the black hole models. For example, if one replaces the constant mass in the Schwarzschild metric, m,
with a specific function of m(t, r), the energy condition might be violated. With this action, matter on
the right-hand side of the Einstein equation will be restricted, and the black hole horizon and singularity
change their position and properties generally. The standard way to derive a metric is to know its
matter field and its symmetry. Along this way Lemaˆıtre-Tolman-Bondi (LTB) model was introduced
which describe the perfect fluid collapse in the spherically symmetric space time [6]. Apart from its
dynamical nature, the FLRW is a special case of this metric and can be modeled as a background. Since
the geometry is not static, the need for a local definition of black holes and their boundaries (horizons)
have led to concepts such as an isolated horizon [8], Ashtekar and Krishnans dynamical horizon [9], and
Booth and Fairhursts slowly evolving horizon [10]. Inspired by these LTB metric properties, the cosmo-
logical black hole (CBH) can be built [11–13] that its singularity and horizon is formed during the collapse.
In many respects, a CBH shows different properties relative to the stationary black holes. The first
evident difference is that in the CBH has one more horizon except black hole horizons (event and apparent
horizon) which called the cosmological horizon [15–17], and the causal structure of the black hole will be
different from stationary one. Second, the mass definition of the black hole will need to be extended to
the quasi-local masses [14] rather than like a ADM mass. Even though the Hawking radiation from the
stationary black hole is revised for CBH case [18].
The first CBH application is in the primordial black hole modeling [19]. These black holes form when
the FLRW background density perturbations exceed some threshold values in the radiation dominated
era. One can use McVittie CBH to model the cosmological defect in the inflationary phase [21]. The
second CBH application is to model the structure in the matter dominated era [20] where these models
were used to investigate the dark energy, virialization, rotation curve and week-lensing, etc.
In this paper, in section II we infer the point mass CBH form a big class of CBH which can be used
for the cosmological structure. Section III, consider the validity of the point mass approximation for
astrophysical black holes. IV, V and VI is devoted to make a point mass CBH in presence of mass, mass-
charge and mass-angular momentum. Then, in Section VI we study these black holes mass, horizon,
redshift structures and geodesics properties. The conclusion and discussions are given in Section VIII.
II. FROM DYNAMICAL BLACK HOLES TO THE POINT MASS BLACK HOLES
The main feature of a dynamical black hole in astrophysics is its matter flux which helps the black
hole formation and its growth. It was shown [12, 14] that the black hole apparent horizon growth is
proportional to the matter flux which falls to it and eventually tends to the black hole event horizon
when all matter flux is absorbed by black hole. Here we are interested in the case that the black hole
evolves slowly due to the matter flux. First we introduce the dynamical horizon properties [9] which is a
general case slowly evolving horizon [10] and then we consider the slowly evolving limitation. Geometry of
the dynamical horizon H is expressed by the unit normal to H by τˆa; gabτˆaτˆ b = −1. The unit space-like
vector orthogonal to S (a point on apparent horizon which has 2-sphere topology) and tangent to H is
represented by rˆa. The rescaling freedom in the choice of null normals will be fixed via la = τˆa + rˆa
and na = τˆa − rˆa. We introduce the area radius R, a function which is constant on each S and satisfies
aS = 4piR
2. Now, the 3-volume d3V on H can be decomposed as d3V = |∂R|−1dRd2V where ∂ denotes
the gradient on H. Hence, as we will see, our calculations will simplify if we choose NR = |∂R| which is
amplitude of normal vector of the R = const surface.
We define the flux of energy associated with ξa(R) = NR`
a across ∆H as:
F (R)matter :=
∫
∆H
Tabτˆaξ
b
(R)d
3V =
1
G
(M(r2)−M(r1)). (1)
In the spherically symmetric case M(r) is the Misner-Sharp mass [14]. With calculating this quantity on
3the apparent horizon
dM
dt
|AH = (M ′ dr
dt
+ M˙). (2)
Here ˙ and ′ are partial differentials relative to t and r respectively. Take a collapsing ideal fluid within
a compact spherically symmetric spacetime region described by the following metric in the comoving
coordinates (t, r, θ, ϕ):
ds2 = −e2ν(t,r)dt2 + e2ψ(t,r)dr2 +R(t, r)2dΩ2. (3)
Assuming the stress-energy tensor for the perfect fluid in the form
T tt = −ρ(t, r), T rr = pr(t, r),
T θθ = T
ϕ
ϕ = pθ(t, r) = wρ(t, r), (4)
with the weak energy condition
ρ ≥ 0 ρ+ pr ≥ 0 ρ+ pθ ≥ 0, (5)
where w describes the equation of state which is a barotropic equation of state between energy density,
ρ, and pressure, p. Einstein equations give,
ρ =
2M ′
R2R′
, pr = − 2M˙
R2R˙
, (6)
where M , Misner-Sharp mass, is defined by
e−2ψ(R′)2 − e−2ν(R˙)2 = 1− 2M
R
. (7)
If a collapsing metric is build by this metric, one can show that the apparent horizon will form at R = 2M
surface [13]. We can define the matter flux into the apparent horizon matter flux relative to fluid 4-velocity
DtM =
1
eν
dM
dt
|AH = 1
eν
(M ′
dr
dt
+ M˙). (8)
Using the Einstein equation [13, 17] we get
DtM = 4piR
2
H(−U)
ρ+ p
1− 8piR2Hρ
(9)
where U =
R˙
eν
and the RH the areal radius on the apparent horizon. At first glance, we can see that
the matter (flux) on the apparent becomes zero when density becomes zero on the apparent horizon. We
define this quantity which characterize the slowly evolving horizon [10] when
2 = αθ2nR
2
H  1, (10)
where θn is the ingoing null geodesics expansion and alpha is a constant. This quantity in the spherically
symmetric space time becomes [13]
2 = 4piR2H
(1 + w)ρ
1− 4piR2H(1− w)ρ
(11)
To have an slowly evolving black hole with mass M = 2RH the energy density for this black hole, ρ,
must be small. In the special case the  = ρ = 0 we get the isolated horizon [8] which the matter flux is
zero.
4Proposition: If a dynamical black hole evolves and finally its horizon becomes isolated, the space time
geometry around the black hole horizon becomes Schwarzschild metric with the same Misner-Sharp mass.
If the horizon becomes isolated i.e.  = 0 then from Eq. (11) the energy density becomes zero,
ρ = p = 0. Hence we have underdensity (vacuum) around the black hole horizon. On the other hand
from uniqueness theorem we know that the vacuum solutions of the Einstein equation around a spherically
symmetric mass distribution have Schwarzschild form
ds2 = −(1− 2C
R
)dt2 + (1− 2C
R
)−1dR2 +R2dΩ2. (12)
Using the fact the M = 2RH is the apparent horizon for Schwartzchild metric (as boundary condition),
we get C = M . Therefore, in the isolated horizon case the space time geometry around horizon becomes
Schwarzschild with the Misner-Sharp mass, C = M = RH2 .
Located in the cosmological background, the CBH collapsing part separates from the expanding part
and the density between them decreases. This underdense region is usually called void in the cosmology.
As a result, the matter flux can not exist forever and after sometime it decreases [12, 14]. In this case as
inferred above taking the black hole as a point mass is a good model.
III. WHAT IS THE DYNAMICAL PHASE OF THE SGR A∗ AND M87
To know how the point mass approximation is correct for the real astrophysical black hole, let us study
the dynamical growth of the two famous black holes Sgr A∗ and M87. Sgr A∗ is a supermassive black
hole in our galaxy’s center. From the radio source of the galactic center, the Sgr A∗ mass is estimated
M ∼ 106M. From the the X-ray and infrared emission of the Galactic center [30], one provides an upper
limit on the Sgr A∗ black hole mass accretion rate as M˙ < 10−5Myr−1. For an astrophysical event such
as lensing for light the typical lenght (time) scale is about kpc ∼ 1019m which is equivalent to 103yr for
passing light of this length [34]. The black hole mass growth for this time scale is δM < 10−2M. Since
the black hole mass is proportional to its radius the change of the black hole horizon becomes
δRH
RH
=
δM
M
< 10−8. (13)
As a result, in practice the black hole remains static relative to the astrophysical time scale and we can
make the point mass approximation in many cases for the black holes physics study as the astrophysical
text book do [31].
Another supermassive black hole is M87 in cluster Virgo fifty million light-years away which is the
most massive black holes known and has been the subject of several stellar and gas-dynamical mass
measurements. This suppermassive black hole mass is M ∼ 109M and the mass accretion rate of this
black hole is approximated by M˙ < 10−4Myr−1 [29]. The typical distance of the Virgo cluster from
us is about 1022m which is equivalent to 106yr for coming light. At this time scale the black hole mass
growth will be δM < 102M and equivalently the the black hole horizon growth becomes
δRH
RH
=
δM
M
< 10−7. (14)
Similar to the Sgr A∗, in practice this black hole remains static relative to the astrophysical time scale
[37] and we can make the point mass approximation in many cases for the black hole’s physics study.
IV. POINT MASS CBH
In the last section we inferred that since the matter and matter flux around the black hole de-
crease and the black hole mass is bigger than the total matter around it, the point mass black hole
5can be a good model for CBH. On the other side, the cosmological constant is the best model to
describe the cosmic acceleration which we called it dark energy in the matter sector. The de Sitter
metric is the Einstein equation solution with the cosmological constant. Our analysis based on two
paradigm: first, the dark energy is the main cosmological matter (about 70 %) and all other matter
(dark matter and baryonic matter) located in the matter flux which have fallen in the black hole;
second at last time of evolution the matter flux becomes zero [11–13] and we get a point mass black
hole. In this case, it is sufficient to find the point mass black hole in the cosmological de Sitter background.
One way to make a cosmological black hole is to add the FLRW scale factor as a conformal coefficient
for the point mass black hole metric. Sultana and Dyer [32] have introduced a metric which FLRW scale
factor is a conformal coefficient of the Schwarzschild metric. However that metric violate the energy
condition and does not describe the ordinary matter. To do similar analysis with the de Sitter line
element [33] consider the de Sitter metric
ds2 = −dτ2 + e2
√
Λ
3 τ (dr2 + r2dΩ2). (15)
By the coordinate transformation t =
√
Λ
3 e
−
√
Λ
3 τ , the metric (15) will be transformed into conformally
flat form
ds2 =
Λ
3t2
[−dt2 + dr2 + r2dΩ2]. (16)
If we embed a black hole in this space time and write the conformal Schwarzschild metric, we will have
ds2 =
Λ
3t2
[−(1− 2m
r
)dt2 +
1
(1− 2mr )
dr2 + r2dΩ2]. (17)
By calculating the Einstein tensor for this line element we see that the strong energy condition is violated,
so this metric is not proper for our study and instead we consider the general form of Schwarzschild de
Sitter metric.
One may think that the Schwarzschild-de Sitter is a good metric for the CBH, but Schwarzschild-de
Sitter has been written in the static coordinate. Consequently it is needed find the Schwarzschild-de Sitter
metric in the cosmological coordinate to present the point mass CBH. Since the standard cosmological
metrics are written in the synchronous coordinate, we first have to transform the Schwarzschild-de Sitter
to the synchronous coordinates. We know that the Schwarzschild-de Sitter metric is given by
ds2 = −Φdt2 + Φ−1dR2 +R2dΩ2, (18)
where
Φ = 1− Λ
3
R2 − 2M
R
. (19)
By these coordinate transformations [22]
dτ = dt−
√
1− Φ
Φ
dR,
dr = −dt+ 1
Φ
√
1− ΦdR,
(20)
metric (18) will be
ds2 = −dτ2 + (2M
R
+
Λ
3
R2)dr2 +R2dΩ2. (21)
To find R as a function of r and τ we can use∫
dτ + dr =
∫
dR√
1− Φ . (22)
6Therefore, we can write
τ + r =
∫
dR√
Λ
3R
2 + 2MR
=
2√
3Λ
ln(ΛR
3
2 +
√
6MΛ + Λ2R3). (23)
Hence, we can write R
R =
e−
√
Λ
3 (r+τ)(e
√
3Λ(r+τ) − 6ΛM) 23
2
2
3 Λ
2
3
. (24)
In the limit where the black hole mass tend to zero, the metric lim
M→0
ds2 will be
ds2 = −dτ2 + e
2
√
Λ
3 τ
(2Λ)
4
3
[
Λ
3
e2
√
Λ
3 rdr2 + e2
√
Λ
3 rdΩ2]. (25)
By redefining S = e
2
√
Λ
3
r
(2Λ)2/3
we get
ds2 = −dτ2 + e2
√
Λ
3 τ [dS2 + S2dΩ2], (26)
which is de Sitter metric.
With calculating the Ricci scalar, we can see that the singularity is located at r+ τ = 1√
3Λ
ln(6ΛM) that
is equivalently r = 0.
The Penrose-Carter diagram of these black holes can be seen in the [15]. These black holes properties
will be discussed in Section VI.
V. CHARGED BLACK HOLE
It is usually assumed that the charged black hole can not appear during the gravitational collapse. But
a highly magnetized plasma accretes onto the black hole, the charge to mass ratio can be big in some
case. In particular, in the merging of a binary system of neutron stars, it is expected at the final steps of
a gravitational collapse to a charged black hole [36]. If we add charge to a point mass we get the Reissner
Nordstrom solution. If we solve the Einstein equation with cosmological constant and a point mass with
charge we get the de Sitter-Reissner Nordstrom solution. Here we use Carter’s spherically symmetric
three parameter (M,Λ,Q) solution to Einstein’s equations where Q is the electric charge of black hole
[23]. The metric in static coordinates is
ds2 = −Φdt2 + Φ−1dR2 +R2dΩ2, (27)
where
Φ = 1− Λ
3
R2 − 2M
R
+
Q2
R2
. (28)
By coordinate transformations given by (20), the metric (27) will be
ds2 = −dτ2 + (Λ
3
R2 +
2M
R
− Q
2
R2
)dr2 +R2dΩ2. (29)
We can write
τ + r =
∫
dR√
Λ
3R
2 + 2MR − Q
2
R2
. (30)
7If we define G(R) =
∫
dR√
Λ
3R
2+ 2MR −Q
2
R2
then R = G−1(τ + r). We can calculate the inverse function
numerically, as if we draw the functionr + τ = G(R) and change the variables (R,G(R)) to (G(R), R)
and then use numerical methods to find the equation of drawn line.
Because of existence of three free parameters Λ , Q and M , this integral requires tedious calculations
(if an analytical solution exists), and even after finding the integral, it would be much harder to find the
inverse function R, which will give the solution. Hence, we need to suppose some simplifying assumptions.
At large ’R’ where Λ3R
2  2MR and Λ3R2  Q
2
R2 or equivalently RMax( 3
√
6M
Λ ,
4
√
3Q2
Λ )
τ + r =
∫
dR√
Λ
3 ∗R2 + 2MR − Q
2
R2
'
√
3
Λ
∫
R−1[1− 3M
ΛR3
+
3Q2
2ΛR4
]dR
=
√
3
Λ
(ln(R) +
M
ΛR3
− 3Q
2
8ΛR4
).
(31)
As a result
R = expxi . (32)
Where xi represents the roots of equation
8(r + τ)−
√
3
Λ
(
8Λxe4x + 8Mex − 3Q2
Λe4x
) = 0 (33)
For lim
Q,M→0
ds2, according to (32), R = exp
√
Λ
3 (r+τ) and the line element (29) will be (25) and it
represents de Sitter metric.
It might be interesting to consider the case M = 0 (Q 6= 0)∫
dR√
Λ
3R
2 − Q2R2
=
1
2
√
Λ
3
ln(ΛR2 +
√
Λ2R4 − 3ΛQ2). (34)
Then
R =
e−
√
Λ
3 (r+τ)
√
e4
√
Λ
3 (r+τ) + 3ΛQ2√
2Λ
(35)
The singularities are located at R = 0 and R = 4
√
3Q2
Λ .
For the region Q
2
2M  R 3
√
6M
Λ ( if
3
√
ΛQ2 M ), the equation(30) will be
r + τ =
∫
dR√
Λ
3R
2 + 2MR − Q
2
R2
=
∫ √
R√
2M
[1− Q
2
2MR
+
Λ
6M
R3]−
1
2 dR
' 1√
2M
(
2
3
R
3
2 +
Q2
2M
R
1
2 − Λ
54M
R
9
2 )
(36)
and we will have R = xi, where xi are the roots of this equation
− 5832M(r+ τ)2 + 729M2Q2x+ 1944MQ2x2 + 1296x3 − 54ΛM2Q2x5 − 72ΛMx6 + Λ2M2x9 = 0 (37)
The Penrose-Carter diagram of these black holes can be seen in the [24].
8VI. KERR- DE SITTER BLACK HOLE
In this section we want to describe the point mass CBH with the angular momentum. In Boyer-
Lindquist like coordinates employed by Carter, the Kerr-de Sitter line element will be [23]:
ds2 =(R2 + a2cos2Θ)[
dR2
∆R
+
dΘ2
1 + Λ3 a
2cos2Θ
] + sin2Θ
(1 + Λ3 a
2cos2Θ)
R2 + a2cos2Θ
[
adt− (R2 + a2)dϕ
1 + Λ3 a
2
]2
− ∆R
(R2 + a2cos2Θ)
[
dt− asin2Θdϕ
1 + Λ3 a
2
]2,
(38)
where ’a’ is Kerr parameter and
∆R = (R
2 + a2)(1− Λ
3
R2)− 2MR. (39)
The Kerr-de sitter metric is rather complicated , so finding a coordinate in which metric becomes in
the form of ds2 = Φdt2−Φ−1dR2−R2dΩ2 is elusive. In this way, to simplify metric, we first take Θ = 0
polar cut of the metric and due to axisymmetry ϕ can be set to equal any value from 0 to 2pi. With these
assumptions the metric (38) will be
ds2 =
R2 + a2
∆R
dR2 − ∆R
R2 + a2
[
dt
1 + Λ3 a
2
]2. (40)
If we suppose dt
′
= dt
1+ Λ3 a
2 we will have
ds2 =
R2 + a2
∆R
dR2 − ∆R
R2 + a2
(dt
′
)2. (41)
Similar to the last section if we use coordinate transformations (20) the line element (41) will be
ds2 = −dτ2 + (Λ
3
R2 +
2MR
R2 + a2
)dr2, (42)
Where ∫
dτ + dr =
∫
dR√
1− Φ , (43)
And
Φ =
∆R
R2 + a2
. (44)
We can write
τ + r =
∫
dR√
1− ∆RR2+a2
=
∫
dR√
Λ
3R
2 + 2MRR2+a2
. (45)
Since this integral calculation is complex, we will consider two simple cases R a and R a.
For R a we will have
τ + r '
∫
dR√
Λ
3R
2 + 2MRa2
(46)
Hence we get
9τ + r =
√
3
Λ
ln(
√
Λ
3
R+
M
a2
√
3
Λ
+
√
−(M
a2
√
3
Λ
)2 + (
√
Λ
3
R+
M
a2
√
3
Λ
)2). (47)
To find ’R’ we must find the inverse form of above function, so it will be
R =
√
3
2Λ
(exp(
√
Λ
3
(r + τ))− 2M
a2
√
3
Λ
+ (
M
a2
√
3
Λ
)2exp(−
√
Λ
3
(r + τ))). (48)
For R a and RM we will have
τ + r =
∫
dR√
Λ
3R
2 + 2MRR2+a2
'
∫
(1 + a
2
2R2 )dR√
Λ
3R
2 + 2MR
=
√
3
Λ
[ln(R) +
M
ΛR3
] +
a2
2
√
3
Λ
[− 1
2R2
+
3M
5ΛR5
],
(49)
Since R a and RM , if we neglect 1R5 term, then we will have R = exi , where xi are the roots of
equation
− 4
√
3Λ
3
2 (r + τ)e3x + 12Λxe3x − 3Λa2ex + 12M = 0 (50)
If we only suppose R a (not RM) we will have
τ + r =
∫
dR√
Λ
3R
2 + 2MrR2+a2
'
∫
(1 + a
2
2R2 )dR√
Λ
3R
2 + 2MR
. (51)
Hence if we define
G(R) = τ + r =
√
4
3Λ
arcsinh(
√
3Λ
8M
2
3
R
3
2 )+ (52)
1
4a2
(
3
2
)−
2
3
−3(−Λ( 49R3)M )
5
6 (8M + 3Λ( 49R
3)) + 2 ∗ 3 16 Λ( 49R3)
√
8 +
3Λ( 49R
3)
M Beta[−
3Λ 49R
3
M ,
5
6 ,
1
2 ]
2M( 49R
3)
1
6 (
−Λ( 49R3)
M )
5
6
√
(8M + 3Λ( 49R
3))
,
where Beta[x, a, b] is incomplete beta function. Then we get
R = G−1(r + τ). (53)
Therefore, we present point mass CBH with angular momentum with finding the G function.
The Penrose-Carter diagram of these black holes can be seen in the [25].
VII. COSMOLOGICAL BLACK HOLES PROPERTIES
From the last sections discussion a question arises as to whether we can see the trace of the
cosmological constant (which play the cosmological acceleration role) in the observation. To make
an estimate consider the Schwarzschild-de Sitter metric in the stationary coordinate (19). Since the
R value is invariant due to the transformation to the cosmological coordinate, we can compare the
two terms Λ3R
2 from cosmological constant and 2MR from the black hole. In cosmology the value
10
Λ
3 = H
2
0 where the H0 = 67.74 ± 0.46km/s/Mpc = 2.195 ± 0.01510−18s−1 is the Hubble constant
at the present time. For a black hole with the sun mass m at scale R & 1018m ' 100pc the
cosmological constant term cannot be negligible. In this scale some phenomena of black hole like
lensing [26] and Cosmic Microwave Background distortion from primordial black hole are important
and we have to use the cosmological constant model to describe them. In this part we investigate what
happen for black hole mass, boundary and redshift structure if someone take the cosmological coordinate.
A. Misner-Sharp mass
The spherically symmetric metric can be written
ds2 = γabdx
adxb +R2dΩ2. (54)
where a, b : (t, r). In this form the Misner-Sharp mass which is defined for the spherically symmetric
space time [14] becomes
Mms =
R
2
(1− γab∂aR∂bR) (55)
Since γab∂aR∂bR is invariant under the coordinate transformation (t, r)→ (t′, r′) the Misner-Sharp mass
is also invariant under these transformation.
Since the coordinate transformation from the stationary Schwarzschild-de Sitter coordinate to the cos-
mological coordinate has only the (t, r) part, as a result, spherically symmetric cosmological black holes
the Misner-Sharp will be the same Schwarzschild charge de Sitter mass:
Mms =
R
2
(1− γab∂aR∂bR) = m+ Λ
6
R2 − Q
2R
. (56)
One can also calculate the matter flux for above cosmological black hole in the spherically symmetric
case. It can be shown from equation (8) that the matter flux is zero for these CBHs. This verifies that
these CBH are point mass CBHs.
B. Redshift
If an emitter sends a light ray to an observer with null vector kµ, the relative light redshift of the
emitted (e) frequency, (w), that is calculated by observer (o) with 4-velocity uµ is,
1 + z =
we
wo
=
(kµu
µ)e
(kµuµ)o
, (57)
where the light null geodesic kµ is affinary parameterized. It can be shown that the affinnary null geodesics
equation
kνkµ;ν = 0 (58)
will not change from coordinate transformation (because this relation is a covariant tensorial relation).
As a result, the affine parameterized equation will remain the same. Hence, it results that the redshift
properties of a spacetime for an observer will not change due to the coordinate transformation.
Consequently, the infinite redshift surface for the above CBHs will be the same infinite redshift surface
in the stationary coordinate.
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C. Black hole boundary
The event horizon is usually used to define the black hole boundary in textbooks. Since the event
horizon definition is a global quantity and we have to know all information about the spacetime
evolution finally, we need to define a quasi-local quantity which can be applied for real dynamical
black hole in numerical relativity. To solve this problem people use the isolated on dynamical horizon
(which are a type of the apparent horizon) to define the black hole boundary in a dynamical case [9, 10, 13].
Black hole boundary definition: A smooth, three-dimensional, space-like sub-manifold (possibly
with boundary) H of space-time is said to be a trapping horizon if it can be foliated by a family of
closed 2-manifolds such that on each leaf S the expansion θ(`) of one null normal `
µ vanishes; and the
expansion θ(n) < 0 of the other null normal n
µ is negative. This surface separates the trapped surface,
θ(n), θ(`) < 0, from untrapped one θ(n) < 0, θ(`) > 0. Similarly, one can define the cosmological horizon
as a three-dimensional surface where the expansion θ(n) of one null normal n
µ vanishes and θ(`) > 0 on
both sides of this surface.
In the spherically symmetric space time the black hole boundary is located on the apparent horizon
θ(`) = 0. In terms of normal metric components it becomes γ
ab∂aR∂bR = 0.
Since γab∂aR∂bR is invariant under the coordinate transformation (t, r) → (t′, r′) the black hole
boundary or apparent horizon is invariant under these transformation.
A spacetime with a point mass CBHs have two horizons. The first is cosmological horizon and the
second horizon is black hole horizon (event or apparent horizon). For the point mass CBH [15] there
are also two black hole and cosmological horizon. Since the coordinate transformation do not change the
horizons location, it is sufficient to find roots of Φ in the Schwarzschild-de Sitter spacetime. Note that
the infinite redshift surface is the same black hole horizon surface in the stationary coordinate. Hence,
the infinite redshift surface will be the same black hole apparent horizon for these CBHs. It can easily
be shown that the expansion of outgoing null geodesics is proportional to Φ, which Φ = 0 determines the
position of horizons. We can depict the roots of Φ = 1 − Λ3R2 − 2mR for Λ = 10−52m−2 as a function of
x = mm where m is the sun mass. There are three real roots for Φ = 0 if Λm
2 6 19 [27], where one
of them is negative, so we consider RC =
2√
Λ
cos( cos
−1(−3√Λm)
3 ) and RH =
2√
Λ
cos( cos
−1(−3√Λm)
3 +
4pi
3 )
which are cosmological and black hole event horizons respectively.
Two cosmological and black hole horizons are depicted in Fig.(1) and Fig.(2).
FIG. 1: de Sitter event horizon as a function of mass. Dash line represents de Sitter event horizon for m = 0.
It can be seen that using standard value of dark energy, the astrophysical black hole with mass
m < 1010m can not change the cosmological horizon place. On the other side, the standard value of
cosmological constant does not change the black hole horizon place significantly.
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FIG. 2: Black hole event horizon as a function of mass. Dash line represents black hole event horizon for Λ = 0.
D. Circular orbits for CBHs
In cosmology and astrophysics, many events and physics such as microlensing, dark matter rotation
curve, missing satellite, stars velocity dispersion and etc. Emerge from the studying of object orbits
where most of them are simplified by circular orbits [38]. In this part, we study the possibility of the
circular orbits around the CBHs (without charge and angular momentum).
Circular orbits are characterized by a constant radius. In a stationary coordinate like Schwarzschild de
Sitter coordinate there is well defined coordinate R which is the areal coordinate, but in the cosmological
coordinate we have two comoving and areal radius. Since the angular distance is proportional to the areal
radius we choose the areal radius as a circular orbits radius. As a consequence of time and radius coor-
dinate transformation from stationary Schwarzschild-de Sitter to the CBH cosmological coordinate, the
areal coordinate will not changes. As a result, the circular coordinate in both frames are the same, but are
labeled by different coordinates. The detail of the orbits effective potential can be seen in the Appendix A.
VIII. CONCLUSION
Real black holes in the universe, called the cosmological black holes, are located in the expanding
accelerating background. These black holes are generically dynamical and they are sourced by baryons
and dark matter. It’s been shown that the background expansion leads to voids. These voids are formed
between the black hole and the expanding background and prevent the black hole’s matter flux from
increasing. After this phase of the black hole evolution, the black holes can be approximated as a
point mass. In this case, the black hole mass is much greater than the matter flux around it. In this
paper, we argue that most of the dynamical cosmological black holes can be modeled by point mass
cosmological black holes finally. The point mass cosmological background is modeled by the de Sitter
space-time. We find the Schwarzschild-de Sitter metric in the cosmological coordinate and infer that
this metric is the best candidate for the point mass CBH. This metric locally describes a point mass
black hole and at large distance reduces to the cosmological de Sitter space-time. We also find the
point mass black holes solution with charge and angular momentum. We show that the mass, horizons
and redshift structure of these black holes will not change due to the coordinate transformation from
stationary coordinate to the cosmological coordinate. From studying the effective potential for different
geodesics cases it has been shown that the stable circular orbits can be exist similar to the stationary case.
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Future work [28] will concentrate on studying the astrophysical and cosmological observables of these
black holes and compare them with stationary ones.
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Appendix A: The CBH’s orbits effective potential
Here we want to study the form of effective potential in Schwarzschild-de Sitter spacetime to study the
circular orbits. We can use Euler Lagrange Equations with metric (18) which is spherically symmetric
and so we can choose θ = pi2 , hence dΩ
2 = dϕ2 [35]. The Euler Lagrange equations will result:
 = −Φt˙2 + Φ−1R˙2 +R2ϕ˙2
t˙ =
E
Φ
ϕ˙ =
L
R2
,
(A1)
where dot is partial differential relative to affine parameter and E and L are constants.  = −1, 0, 1
represents timelike, null and spacelike geodesics respectively. From the equation (A1) we can introduce
effective potential V(R), where
V (R) = E2 − R˙2 = Φ(R)(L
2
R2
− ) (A2)
We can depict V(R) as a function of MR for different values of L and α where α = 9ΛM
2 and 0 6 α 6 1,
that α = 1 is the extreme case [22].
FIG. 3: Effective potential of null geodesics
as a function of R
M
for different values of α.
Here we have supposed L = 10M
FIG. 4: Effective potential of null geodesics
as a function of R
M
for different values of L.
Here we have supposed α = 1
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If we suppose a massless particle at infinity has the initial velocity vR0 =
√
E2 + V (∞), as the massless
particle moves toward central object, it decelerates to
√
E2 − V (R) and if E2 > Vmax, the zero mass
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particle will accelerate toward singularity otherwise r˙ will change sign and the particle will be reflected
to infinity. According to figure (3) and (4) as we decrease Λ or increase L, it becomes harder for these
particles to fall in to singularity. We can also study the circular orbits for mass less particles. We know
that if ∂V∂R = 0 and R˙ = 0, then we will have circular orbits and the stability criterion is
∂2V
∂R2 > 0. Hence
we can write
∂V
∂R
= 0→ R = 3M
R˙ = 0→ E2 = V (R).
(A3)
which has the same radius ( R = 3M) as the Λ = 0 case [31].
According to figure (3), (∂
2V
∂R2 )|R=3M < 0, that means there is no stable circular orbit for mass less
particles except when E = L = 0 and R = 3M . By equation (A3), if we define critical impact parameter
as b = LE , then we can write:
bcritic =
L
E
= (
√
R2
Φ(R)
)|R=3M =
3
√
3M√
1− α. (A4)
If the impact parameter of these mass less particles is greater than critical value (bcritic), then these
particles will be captured. This definition leads to a relation for capture cross section for massless
particles from infinity:
σnull = pib
2 =
27piM2
1− α . (A5)
We can do the same calculations for the timelike circular orbits. In this case we have
∂V
∂R
= 0→ L2 = MR
2 − Λ3R5
R− 3M . (A6)
By equation (A6) and R˙ = 0 one can easily show:
E2 = V (R) =
(1− α27M2R2 − 2MR )2
R(R− 3M) . (A7)
According to equation (A7) it’s clear that circular orbits exist for R > 3M , but figure (5) tells us that
effective potential is convex for the given values of cosmological constant, so there is no circular orbit for
time like case at these values. The value of α for a black hole with mass 106 sun mass and Λ = 10−52s−1
is in order of 10−32, in this case we can have stable circular orbit and bound orbit ( figure (9) ). Figure (5)
also represents that for a same value of central mass if we increase the cosmological constant, R˙ increases.
For a same value of Λ, figure (6) shows that any variation of L in the timelike case is similar to null one.
Figure (7) shows that the spacelike case inside the de Sitter horizon resembles the null and timelike
cases, but for outside de sitter horizon as we increase Λ (for same vale of central mass), R˙ decreases.
Figure (9) and (10) represent effective potential for a specific black hole with mass 106M and L = 5M
and 3M . We have also used present value of Λ = 10−52s−1. We can see that only for some values of L
we can have timelike circular orbits and bound orbits. For the extreme case you can see [22].
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